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I. Introduction

P ANEL flutter is a self-excited dynamic instability phenomenon
under the supersonic/hypersonic environment. It is caused and

maintained by the interactions between motions of an aircraft struc-
tural panel and aerodynamic loads exerted on one side of the panel.

Many studies on panel flutter have been carried out for many
years. Gray and Mei1 gave an excellent survey on various theoretical
considerations for the investigation of nonlinear panel flutter up to
1991. Mei et al.2 presented an extensive review of the developments
and advances in nonlinear panel flutter analysis and experiment up
to 1999. Zhou et al.3 presented a finite element time-domain modal
approach for the analysis of nonlinear flutter of composite panels at
elevated temperatures. The piezoelectric material has been used in
the field of works on panel flutter suppression by active or passive
control scheme.

Scott and Weisshaar4 investigated the feasibility of piezoelectric
actuator for linear panel flutter for the first time. Zhou et al.5 ex-
tended this study to the nonlinear panel flutter problems. Frampton
et al.6 investigated an active control of linear panel flutter by us-
ing a collocated direct rate feedback controller. In contrast to the
active control, Suleman and Goncalves7 investigated the feasibility
of passive control methodology for linear panel flutter suppression
using piezoelectric patches. Moon and Kim8 presented a compari-
son between active control scheme and passive suppression scheme
by using finite element method. They used a lead zirconate titanate
(PZT) actuator connected with an inductor-resistor series shunt cir-
cuit for passive suppression system. Moon and Kim9 also developed
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an active/passive hybrid control scheme for the nonlinear panel flut-
ter suppression by using piezoelectric actuators connected in series
with an external voltage source and a passive resonant shunt circuit.

However, in the previous studies on panel flutter suppression us-
ing piezoelectric materials, an optimal controller has been designed
based on the linear model. In general, there exists a maximum sup-
pressible dynamic pressure λmax under which the flutter motions
can be completely suppressed.5 That is, the flutter motions can no
longer be suppressed beyond λmax because of the limitation of the
maximum electric field of piezoelectric actuators. When the opti-
mal controller based on the linear model is applied for the actual
nonlinear system, a relatively low λmax is expected.

The system to be controlled in this Note is both nonlinear and un-
deractuated (i.e., systems with a fewer number of independent actu-
ators than degrees of freedom). Because the nonlinear system can be
better controlled by the nonlinear control method, there have been
many studies on nonlinear control method (in particular, feedback
linearization control10) for many systems, for example, robotics,11

missiles,12 motors,13 etc. Also, there has been much interest in the
control of underactuated mechanical systems14 such as two-wheeled
mobile robot,15 underactuated rigid spacecrafts,16 and underactuated
ships.17

In this study, to consider the nonlinear characteristics of the model
equations and also obtain the higher λmax with a lower control input,
a nonlinear controller using feedback linearization method is pro-
posed. Feedback linearization, one of the commonly used geomet-
ric nonlinear control techniques, is a powerful technique that takes
the nonlinearities into account directly. Unlike the previous linear
quadratic regulator (LQR) controller based on the linear model, the
nonlinear controller is designed based on the nonlinear model. Be-
cause the control gain is determined based on the nonlinear coupled-
modal model, the range of the maximum suppressible dynamic pres-
sure λmax can be enlarged, compared with the LQR controller based
on the linear model. Because the system to be controlled is also un-
deractuated, only partial linearization is possible (one state among
six states can be linearized). Instead of using partial feedback lin-
earization as in Ref. 18, we use the pseudoinverse instead of inverse
in the control input caused by the underactuation. In Ref. 18, par-
tial feedback linearization and LQR methods are combined for the
vibration suppression of the flexible beam.

II. Governing Equation
Variational Formulation

For a piezolaminated composite panel, the mechanical response
and the electrical response are governed by the stress-equilibrium
equation and Maxwell’s equation, respectively,

∇ · σ + fb = ρü (1)

∇ · D = 0 (2)

whereσ is the stress, fb is the body force, ρ denotes material density
for a given layer, u is displacement, and D is electric displacement.

By using the variational principle and the divergence theorem,
one can derive equivalent variational form as
∫

V

ρ(δu)T ü dV +
∫

V

(δε)Tσ dV =
∫

V

δuT fb dV +
∫

�

δuT fS d�

(3)

2069



2070 AIAA JOURNAL, VOL. 43, NO. 9: TECHNICAL NOTES

∫
Vp

(δE)T D dV =
∫

�P

qδφ d� (4)

where fs is surface tractions applied on the surface � and is cal-
culated from aerodynamic pressure applied to a panel, and q is
the electrical charge applied on the surface �p of the piezoelectric
material.

Constitutive Equations
For a lamina of the kth layer subject to a temperature change of

�T (x, y, z) by aerodynamic heating under plane stress, the consti-
tutive equations incorporating the piezoelectric effect with respect
to the laminated coordinates (x, y, z) are given by3,5,8,9

σ(k) =



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τxy
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
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

(k)
 (5)

where Q̄(k) denotes the transformed reduced stiffness matrix of the
kth lamina, and α and d are the transformed thermal expansion
coefficients and piezoelectric strain coefficients, respectively.

Aerodynamic Loads
First-order piston theory1−5,8,9,19 can suitably describe the aero-

dynamic pressure loads acting on the panel under sufficiently high
supersonic Mach number (

√
2 < M∞ < 5). This theory relates the

aerodynamic pressure and panel transverse deflection as follows:

pa = −
(

λ
D110

a3

∂w

∂x
+ ga

ω0

D110

a4

∂w

∂t

)
(6)

The nondimensional aerodynamic pressure parameter λ and nondi-
mensional aerodynamic damping ga can be defined as follows:

λ = ρa V 2
∞a3

β D110
, ga = ρa V∞

(
M2

∞ − 2
)

ρhβ3
(7)

where the parameter β is defined as β = √
(M2

∞ − 1), M∞ is the
Mach number, ρa is the airflow density, V∞ is the airflow velocity,
w is the panel transverse deflection, D110 is the first entry of the lam-
inate bending stiffness matrix calculated when all of the fibers of the
composite layers are aligned in the direction of the airflow (x direc-
tion), a reference frequency is defined by ω0 = (D110/ρha4)

1
2 , and

the nondimensional mass parameters of air-panel mass ratio and
aerodynamic damping coefficient are introduced as µ = ρaa/mave,
ca = [(M2

∞ − 2)/(M2
∞ − 1)]2(µ/β).

Kinematic Relations
The von Kármán plate model is employed for large deflection

response. The von Kármán’s large displacement small strains asso-
ciated with displacement fields are given by

ε =



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= εL
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m + zk (8)

where u0 and v0 are the midsurface in-plane displacements mea-
sured along the x and y coordinate axes, respectively; and w is the
midplane transverse bending displacement measured along the z
axes normal to plane of the pane.

III. Finite Element Discretization
Spatial discretization is performed using four-node rectangu-

lar C1 conforming plate elements. There are two in-plane de-
grees of freedom (u0, v0) and four bending degrees of freedom
(w, wx , wy, wxy) at each node and one electrical degree of free-
dom φ per piezoelectric layer per element; that is, electric potential
φ is assumed to be constant over an element piezoelectric layer and
applied or detected in the center of each element piezoelectric layer.

One can obtain the global equations of motion for electromechan-
ically integrated composite structures by assembling the element
matrices for the entire system.3,5,8

MẄ + CẆ + (λKA + K0 − K�T + K1 + K2)W + Kwφϕ = F�T

(9)

KφwW + Kφφϕ = Fq (10)

where M is the mass matrix; C is the aerodynamic damping matrix;
KA denotes the skew-symmetrical aerodynamic influence matrix3,5;
K�T is the temperature induced geometric stiffness; KA, K0, and
K�T are linear stiffness matrices; K1 and K2 are the first-order
nonlinear stiffness and second-order nonlinear stiffness matrices,
which depend linearly and quadratically on the displacements,
respectively2,3,5,8,9; Kwφ is the elastic-electric coupling stiffness ma-
trix; Kφφ denotes the dielectric stiffness matrix; and F�T and Fq are
the thermal load and applied electrical charge, respectively. Substi-
tuting Eq. (10) into Eq. (9), we get

MẄ + CẆ + (
λKA + K0 − K�T + K1 + K2 − KwφK−1

φφ Kwφ

)
W

= F�T + KwφVa (11)

where Va is the actuator voltage. It might be necessary to add
noise terms to represent process and measure noise in practical
applications.

In the developments of the control system design and dynamic
analysis, it is generally impractical to consider all modeled modes
because of the large degrees of freedom of the system equations
of motion. To obtain an approximate reduced-order dynamic model
of the system, the mode superposition method is employed. For a
simply supported rectangular panel with zero airflow angle, it is well
known that the response of panel flutter produces good results even
though one considers the first few modes in the airflow direction
and the first mode in the spanwise direction.3

One can obtain the reduced nonlinear coupled-modal space form
of Eq. (11) as

η,ττ + C̃η,τ + (K̃ + K̃1 + K̃2)η = F̃�T + K̃wφVa (12)

where τ = ω0t is the nondimensional time variable.
In Eq. (12), we define K̃wφ as modal control force per unit voltage.

The modal displacementη can be calculated by using any numerical
integration scheme such as the Newmark-β or Runge–Kutta method.

IV. Nonlinear Feedback Linearization Control Law
State Equation

The design of active control system is carried out in state-space
form. Introducing the state-space variable E = [η η,τ ]T ∈ R12 × 1,
the second-order nonlinear coupled-modal equation given by
Eq. (12) can be converted to a first-order state-space model as

Ė = AE + BVa + Z (13)

where A ∈ R12 × 12 is the system matrix, B ∈ R12 × 1 is the control
influence coefficient matrix, and Z ∈ R12 × 1 is the mechanical load
matrix, which are given by

A =
[

06 × 6 I6 × 6

−(K̃ + K̃1 + K̃2) −C̃

]
, B =

[
06 × 1

K̃wφ

]

Z =
[

06 × 1

F̃�T

]
(14)
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Feedback Linearization
In this Note, we assume that A, B, and Z in Eq. (14) are available.

Then, we can apply the feedback linearization control method.10

Because the number of the state variables to be controlled in the
system (13) (η ∈ R6 × 1) is larger than that of the available control
input (Va ∈ R1), the system (13) is an underactuated system. Ac-
cordingly, we need to use the pseudoinverse K̃+

wφ , instead of inverse
K̃−1

wφ .
Thus, we employ the control law

Va = K̃+
wϕ{−F̃�T + u} (15)

where K̃+
wφ = (K̃T

wφK̃wφ)−1K̃T
wφ and u ∈ R6 × 1. Then, Eq. (13) be-

comes

Ė = AE +
[

06 × 1
F̃�T + K̃wφK̃+

wϕ{−F̃�T + u}
]

= AE +
[

06 × 1

u

]
+

[
06 × 1(−I6 × 6 + K̃wφK̃+

wϕ

){−F̃�T + u}

]
(16)

Note that the last term of the right-hand side in Eq. (16) remains
because the controlled system is underactuated and K̃+

wφ is used in
Eq. (15). Because A is not Hurwitz, u is designed to cancel the
nonlinear terms of A in Eq. (14) as

u = (K̃ + K̃1 + K̃2)η + C̃η,τ + v (17)

where v is additional control input to be designed later in Eq. (20).
Also, Eq. (16) becomes

Ė = A0E +
[

06 × 1

v

]
+

[
06 × 1(−I6 × 6 + K̃wφK̃+

wϕ

){−F̃�T + u}

]
(18)

where

A0 =
[

06 × 6 I6 × 6

06 × 6 06 × 6

]
(19)

Finally, if v is chosen as

v = −Amη,τ − Bmη (20)

where Am = diag(am1, . . . , am6) ∈ R6 × 6 and Bm = diag(bm1, . . . ,
bm6) ∈ R6 × 6 are positive-definite matrices, then Eq. (18) can be
changed into

Ė = AsE +
[

06 × 1(−I6 × 6 + K̃wφK̃+
wϕ

){−F̃�T + u}

]
(21)

where

As =
[

06 × 6 I6 × 6

−Bm −Am

]
(22)

Here, design parameters ami and bmi in Am and Bm for i = 1, . . . , 6
are chosen as ami = 2ζiωni and bmi = ω2

ni.

Fig. 1 Placement of PZT actuator on composite plate.

V. Numerical Results
The simply supported symmetrically laminated eight-layer

[45 deg/−45 deg/90 deg/0 deg]s square graphite/epoxy composite
plate9 is used for the numerical simulations. The in-plane displace-
ments at the edges are considered to be immovable. The dimensions
of the composite plate are 0.3 × 0.3 × 0.001 m, and the plate is dis-
cretized using the C1 conforming four-node rectangular element
with 12 elements in the x direction (flow direction) and six el-
ements in the y direction as shown in Fig. 1. The PZT material
is used as an actuator and is bonded on the top and bottom sur-
faces of the panel. The piezoelectric layer thickness is selected

Fig. 2 Time history of a simply supported composite panel at
∆T/∆Tcr = 0 and λ= 900.

a) Time history of panel motion with LQR based on the linear model

b) Control input with LQR based on the linear model

c) Time history of panel motion with feedback linearization control

d) Control input with feedback linearization control

Fig. 3 Time history of panel motion and control input with controller
at λ= 900.
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to be 0.0005 m. The aerodynamic damping coefficient2,3,5 Ca is
taken to be 0.01, and temperature distribution is assumed to be
�T = T0 sin(πx/a) sin(πy/b). The responses of the panel mo-
tion are observed at a maximum deflection location with coordi-
nates x = 0.75a and y = 0.5b3 using Newmark-β time-integration
scheme.

Figure 1 shows the shape and location of the piezoceramic
patches. According to Refs. 5 and 20, to locate piezoelectric ac-
tuators in the vicinity of leading edge gives rise to the higher criti-
cal dynamic pressure and λmax. The critical buckling temperature
is calculated to be 18.37◦C for the panel with the piezoelectric
actuators shown in Fig. 1. The flutter suppression results by the
feedback linearization controller based on the nonlinear model are
compared with suppression results by a LQR5,8 based on the linear
model. Design parameters of ami = 2ζωni in Eq. (20) are chosen
as ζi = 0.707. The piezolaminated composite panel at the dynamic
pressure λ = 900 exhibits limit-cycle motions as shown in Fig. 2.
Time history of flutter motions and control input with a LQR based
on the linear model and feedback linearization controller based on
the nonlinear model are shown in Fig. 3. As shown in the figure, the
limit-cycle motions are completely suppressed by both controllers.
But, the saturation is more likely to happen in the case of LQR con-
troller because the previous LQR controller is based on the linear
model, compared to the proposed nonlinear controller. Feedback
linearization controller based on the nonlinear model effectively
suppresses the flutter motions with a lower control input.

VI. Conclusions
The nonlinear characteristics of the modal equations are fully con-

sidered in the design of the nonlinear controller. Through simulation
results, we could observe that the proposed controller can effectively
suppress the flutter. We can expect that similar results of aircraft
wing can be obtained for the structures with similar shapes. Be-
cause the actual system has uncertainties inevitably and this causes
performance degradation, we need to compensate for these uncer-
tainties in system dynamics by using adaptive and robust control
methods in the future work. Also, because all states might not be
available in actual situation, nonlinear observer design can be useful
as a practical further study.
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